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Abstract 
This article resumes the investigation of monoreflections, which are maximal relative to some 
given constraints, viewing them from the point of view of pushouts. The role of the kernels of 
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1. Introduction 
This article represents a concerted attempt to understand, in general, how to construct 
monoreflections in a number of algebraic settings. Our main interest is in commutative 
rings, and, more particularly, in commutative f-rings. Indeed, this article is the end 
result of research which began with an attempt to understand when rings of quotients 
turned out to be fnnctorial. More specifically yet, the original aim of our work had been 
to investigate such functorial rings of quotients in categories of archimedean f-rings. 
This we have done in two earlier papers, [5,6]. 
Prior to this effort, in [7], we were able to describe conditions on a category which 
guarantee the existence of monoreflections which are subject to certain bounding con- 
straints. Now we address the description of these monoreflections. The principal tech- 
nique involves direct limits and the notion of a pushout-invariant extension. The reader 
who is familiar with commutative algebra should think of tensor products as we pro- 
ceed through the development of the first few sections. More precisely, the reader will 
probably liken pushout-invariance to the concept of a pure extension in the context of 
the category of modules over a ring. 
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At the outset the reader will be bombarded with definitions. This is unfortunate. 
However, we see no alternative. In trying to define such a broad framework, in an 
article which (hopefully) will interest a broad spectrum of mathematicians, one cannot 
avoid precision about categorical premises, nor reasonable detail in the applications. 
The paper is divided into two parts. The first takes place in a fairly general cat- 
egorical setting, and comprises Sections 1-6; as we proceed through these sections, 
however, more structure is gradually imposed. The remaining sections (Sections 7-9) 
are dedicated to applications to certain categories of commutative rings and f-rings. 
For example, while the category of all commutative rings with identity has no proper 
monoreflections, the subcategory of all semiprime rings does (Section 7.3). In the latter 
category, if A is integrally closed, then it has no proper functorial rings of quotients 
extensions (Section 7.4). In Section 8 the relationship is studied between pushout in- 
variant extensions in Nn, the category of semiprime commutative rings with identity, 
and purely inseparable extensions. If c1 :A -+B is an extension in this category, then 
it is an epic pushout invariant extension precisely when every homomorphism of A 
into an algebraically closed field admits an extension to B (Theorem 8.6). Section 9 
takes up the category f-Nn of all semiprime commutative f-rings with identity. It is 
shown that the least epireflective subcategory is the subcategory of all real closed von 
Neumann f-rings (Proposition 9.7). 
The reader will be frequently referred to [7], to which this article is, substantially, 
a continuation. Our general reference for the theory of categories is [9]. 
We assume throughout that A has pushouts and direct limits. We assume that the 
reader is familiar with direct limits, but feel it is prudent to review the language of 
direct limits; a number of particular features of direct limits, discussed in [7], will once 
again play a role in this article. Direct limits will be reviewed shortly. 
To remind the reader, a monomorphism is a morphism which obeys cancellation on 
the left, whereas an epimorphism is one which can be cancelled on the right. 
The object class of A will be denoted by obj(A); the morphism class by mar(A). 
Review 1.1(a) (Pushouts). Suppose that 41 : A +B, and & : A +& are A-morphisms; 
the commutative diagram below 
is a pushout if for each pair of A-morphisms zi : B1 + Y and ~2 :B2 + Y, for which 
~1.41 =Q,&, there is a unique A-morphism a:C+Y so that a-/?, =z1 and G./?~=Q. 
We shall assume that the reader is familiar with the simplest examples of pushouts. 
In the context of group theory, it is fair to think of a pushout as a direct product with 
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amalgamation; in the category Rng, of all commutative rings with identity, together 
with all the homomorphisms that preserve it, the pushout of the pair in (7~1) is simply 
the tensor product of B1 and B2 over A. 
Now we come to the central definition of this article. 
Definition 1.1(b) ($-n-morphisms). Suppose that $ is a class of A-morphisms. We 
shall say that the A-morphism 41 : A +B is $pushout-invariant (or a y-,-morphism) 
if, whenever 41 appears in a pushout diagram such as (nl ), then /I2 E 9. (Clearly, this 
implies that 41 E f.) Say that the class f is pushout-invariant if each 4 E f is a 
$J-rc-morphism. 
It should also be obvious (by concatenating pushouts) that if 41 in (rcl) is a $-rr- 
morphism, then so is 82. Obviously, the class of gP-rc-morphisms is pushout-invariant. 
If o! : A +B is a monomorphism which is also a J&-morphism, we call u a 
#-z-extension. (In general, if CI is a monomorphism in A we frequently use the notation 
A IO, B, and call it an A-extension.) Let 8” stand for the class of all 
prr-morphisms. It should be clear that 9” C f, and that equality holds if and only if 
f is pushout-invariant. 
If $ is the class of all monomorphisms, then we shall call the members of 2” the 
7c-extensions. (It is well known that the class of all epimorphisms is pushout-invariant; 
see [9].) 
We shall also use the following terminology: if y is a class of A-morphisms, 
such that, whenever 41 and 42 in (rcl ) belong to f, then the common composite 
/?r 41 = fi242 does as well, we say that f is closed under formation of pushouts. 
Review 1.1(c) (Direct limits). (Bi, flu) is a direct system, if the indices come from 
an upward directed poset I, and pij : Bi +Bj is an A-morphism, whenever i < j, so 
that, if i <j Sk, then pik = pjk . Pij, and /?ii is always the identity. A natural sink for 
the system, denoted (gi, C), consists of A-morphisms gi : Bi + C, so that, for all i 5 j, 
gj . pij = gi. The limit sink (or direct limit) (pi, B) is the “universal” natural sink; that 
is, (fli, B) is a natural sink for the system, and if (gi, C) is any natural sink, then there 
is a unique A-morphism g : B-+ C, so that g ’ pi = gi, for each i E I. We shall often 
use the notation Zim gi = g. Limit sinks, for a given direct system, are unique, up to 
isomorphism. 
(A, f;:) is a natural source for the system (Bi, fiij), if each fi : A+Bi is an A- 
morphism, SO that, for each i <j, Pij . fi = fj. Note that if (/Ii, B) is a limit sink 
for the system, then /Ii ’ fi = /3j . fj, for any pair of indices. 
Now, suppose that f is a class of A-morphisms. Suppose that (j$,B) is the limit 
sink for the direct system (Bi, Pii). We say that f is preserved by direct limits if, for 
each natural source (A, fi), such that J;: : A+Bi in f, it follows that f = /?i . fi E f. 
We also employ the notation Lim2 G $. 
The reader should note that the class of all epimorphisms is preserved by direct 
limits. In a given category, the issue of whether monies are preserved by direct limits 
is, in a sense, at the center of our work. In [7] the Existence Theorem (Theorem 2.2) 
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was carefully formulated, with a much weaker (specific) version of the ‘Lim 2 C %,’ 
condition, in part, so as to get around the question of whether monomorphisms are 
preserved by direct limits. In this paper we shall not have occasion to be so subtle, 
but we urge the reader to read the painful details in [7], nonetheless. 
Next, from [7] we recall the following notion. Suppose that (&,/Iii) is a direct 
system, with limit sink (Bi,B). We wish to highlight a particular feature of direct 
limits, which holds in a number of examples: 
(S) whenever (gi,C) is a natural sink of the system, with each gi manic, then 
g = lim gi is also manic. 
Another special feature of direct limits, which will be encountered further on is 
(M) if each & is manic, then each pi is manic as well. 
In the sequel we shall refer to the above as property (S) and property (M), respec- 
tively. 
We begin with some basic observations about pushout-invariance. In the next propo- 
sition, (a) has already been noted; the proofs of (b) and (c) are straightforward; we 
only prove (d), leaving the rest to the reader. 
Proposition 1.1. Suppose that f is a class of A-morphisms. 
(a) Zf $1 : A + B is a y-n-morphism, then, in any pushout (rcl ) above, 82 is also 
a y-rc-morphism. 
(b) Zf f is closed under composition then so is f”. 
(c) Suppose that u : A +B and cl’ : A+B’ are f-n-morphisms, and that $ is closed 
under composition. Then, in the pushout below 
A LB 
(712) a’ 
I I 
B 
B’ - C 
B’ 
/I . a = /Y . a’ is a f-z-morphism. 
(d) Suppose that f is preserved by direct limits; then so is the class f”. 
Proof. Suppose that (Bi,p,) is a direct system with limit sink (/Ii, B). Suppose as 
well that (A, fi) is a natural source, with each f;: E f”. Then consider the juxtaposed 
pushouts 
A LBi -J--B 
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It is an easy exercise to verify that (ri,D) is a limit sink for the system (Di, rii), where 
rij : Di +Dj is the morphism in the pushout of Pij and lJi. By hypothesis, each hi E 2. 
Since the outer square is also a pushout, (A’, hi) is a natural source for (Di,Zo). Let 
h = Zi . hi. As 9 is preserved by direct limits, it follows that h E %. 0 
Definition 1.2(a) (Extension operators). We continue with a review of terminology 
introduced in [7]: an extension operator on A is a function which assigns to each 
A-object A a monomorphism yA : A + yA. A jiinctorial extension operator (FEO) is an 
extension operator p with the property that for each A-morphism g : A+ B, there is a 
unique A-morphism p(g) : pA + pB so that p(g). pA = pi . g. It is then a routine matter 
to verify that p is indeed a (covariant) functor. 
An extension operator y is idempotent if, for each A-object A, yyA : yA + y(yA) is an 
isomorphism. We leave it to the reader to check that the idempotent FEOs are precisely 
the monoreflections, as defined in [9, Section 361. The morphism y,$ (for each A-object 
A) will be referred to as the rejlection map. 
If y and 6 are extension operators, we put y < 6 (and say that y lies beneath 6), if 
for each A-object A, there is a monomorphism a such that tl . y,4 = d,4, and y = 6 if 
y 5 6 and 6 5 y. It does not necessarily follow from the assumption that y G 6 that 
the monomorphism c1 mentioned above is an isomorphism. However, for FEOs (using 
Proposition 1.2(ii)(a), which follows) y = 6 does imply that there is, for each A-object 
A, an isomotphism CI, such that ~1. yA = 6~. 
The following proposition is a collection of several preliminary results in the first 
section of [7]. 
Proposition 1.2. (i) Suppose that y and 6 are extension operators (resp. FEOs). 
DeJne the composition 6. y by: (6. y)A = 6yA . yA. Then 6. y is an extension operator 
(resp. FEO), and y 5 6 ’ y. If y and 6 are FEOs, then also 6 < 6 9 y. 
(ii) Let p be an FEO. Then for each A-object A, 
(a) pA is epic; 
(b) if PA = f . g, with g : A+B epic, then pi = p(g) . f; thus, f is manic; 
(c) ifp is idempotent then any p(g), as in (b), is an isomorphism. 
The next proposition is 1.4 in [7], and follows immediately from the preceding one. 
Proposition 1.3. Let p and o be extension operators with PA and oA epic, for each 
A-object A. Then 
(a) p - CJ if and only if, for each A, there is an isomorphism CI so that CI. PA = oA; 
(b) p E p . p precisely when p is idempotent. 
The moral of Proposition 1.3 is that, up to the equivalence --, the relation 5 partially 
orders the FEOs. In view of this proposition, we cease to distinguish between an FE0 
and the E-equivalence class to which it belongs. In the sequel we shall refer to this 
ordering, unless another is specifically mentioned. 
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Suppose that V is a family of morphisms with a common domain A; if there exists 
a set $3 of morphisms with domain A, such that, for each f E $9 there exists a g E $3, 
and an isomorphism h so that h ’ f = g, we say that %? is A-cosmall. We use the term 
A-small for the dual concept, involving morphisms with common codomain. If % is 
A-cosmall, for each domain A of a morphism in %?, we say that it is a cosmall class 
of morphisms; the dual notion is small. 
If %9 = ALoJlr, the class of all monomorphisms, and it is small, we say that A is a 
wellpowered category. The dual concept is that of a cowellpowered category. 
Note 1.4. We assume throughout that all subcategories are full, and that all classes of 
morphisms are isomorphism-closed: that is to say, if f is a morphism belonging to the 
class and j is any isomorphism, and f. j makes sense, then f . j is also in the class; 
the same stipulation applies to the composition j. f. 
2. Monoreflections and pushout-invariance 
In [7] we proved a general existence theorem (Theorem 2.2) for monoreflections, 
which are maximal with respect to a particular constraint, using only direct limits. In 
this section we translate that theorem to the language of pushout-invariance. 
Suppose now that 9 is a class of epic monomorphisms, which is pushout-invariant 
and closed under composition. Let $(A) denote all the members of $ with domain 
A. As with FEOs, we say that do and /I in y(A) are equivalent over A if there exists 
an A-isomorphism 8 such that 0. GI = p. Also, for CI, /I E 2(A), put c( < /I if there exists 
a monomorphism 9 such that ~9 . cc = p. It is easy to check that 5 is a reflexive and 
transitive relation, which is a partial order modulo equivalence over A. We shall often 
be interested in the situations where $J is a cosmall class. 
Define a new class of FEOs in the following manner: p E f* if, for each A-object 
A, PA E j. It should be pointed out that the definition of f*, in and of itself, involves 
no special assumptions about $ Note that f* is closed under composition, because 
2 is. Evidently, if f is cosmall, then so is f*. 
If p and c are FEOs and p 5 0, then, for each A-object A, there is a unique 
monomorphism cr(p, o, A) such that cr(p, 0, A). pA = n.4. (It is unique because the PA are 
epic.) We call a class W of FEOs cosmall if, for each A-object A, { pA : p E 9i’ } is 
cosmall. 
For each A-object A, and each p E f*, consider the system (pA,a(p,o,A)), with its 
natural source (A, PA). Theorem 2.2 of [7] tells us that if $* is cosmall and Limy C f, 
then f* has a maximum FE0 (modulo equivalence of FEOs), and that this maximum 
is a monoreflection. Let us denote this maximum monoreflection by I*($). 
We now collect the fruits of Theorem 2.2 of [7], in the following result. 
Theorem 2.1. Suppose that f is a class of epic rc-extensions, closed under composi- 
tion and preserved by direct limits. Then 
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(a) if $1 : A+Bl and $2 : A+B2 are ,$-morphisms then, in the pushout (rrl), the 
composite fly .& = 12 ’ 42 E f, and majorizes both 41 and 42. Thus, f(A) is 
upward directed; 
(b) if f* is cosmall, then, for each A-object A, limf(A)=Q)(A); 
(c) if x,4 : A -p(f)(A) is the induced source map, then @.A is the largest member 
of 2(A), module equivalence over A. 
Proof. (a) Is trivial. As for (b), ~(9) exists by Theorem 2.2 of [7], and the direct 
limit A* = lim $(A) exists as well. The issue is whether it is p($)(A). 
First, suppose that fi : A+ Bi is a set of representatives, modulo equivalence over 
A, and that (pi,A*) is the limit sink. Then aA = pi . f;: is independent of i. We note 
that aA E B(A). Next, observe that aA is the maximum of j(A); this makes it clear 
that there is a (unique) monomorphism p such that fl. p(f)A = aA. On the other hand, 
the reader will easily check that a defines an FEO, which lies in $*. Thus, we have 
a (unique) monomorphism /?’ such that /I’ . aA = &$)A. It follows that both p and p’ 
are isomorphisms, and we are done. 
(c) Was observed in the previous paragraph. 0 
Suppose that lF is a cosmall class of FEOs, which is closed under composition. 
Then, for each A-object A, the system (yA, a(y, &A)) (with y,6 E 1F, and y 5 6) is a 
direct system with (A, yA) as natural source. Let (f,u(F)A) be the limit sink. Suppose 
that each VA - yA .yA is manic. Then, as explained in [7], p(F) is an FEO, and, indeed, 
p(F) = sup [F. If, in addition, ~(5) E F, then, owing to Proposition 1.3(b)), p(F) is a 
monoreflection, the largest FE0 in IF. Let us say, if p(lF) E [F, that [F is a sup-closed 
class. 
We continue with a cosmall, sup-closed class IF of FEOs, which is closed under 
composition. 
Define a class of morphisms j(F): c( E j([F), with o! : A +B, if c( is epic, and there ex- 
ists a morphism f : B + p( [F)(A) such that f. tl = VA. Note that, by Proposition 1.2(ii)(b), 
f is manic. (In brief, j([F) consists of all epic first factors of the reflection map of 
p(E). Clearly, j(F) is a class of epic monomorphisms.) 
By Proposition 1.2(ii)(c), if p is a reflection, then, when pi = f .g, with g epic, 
p(g) is an isomorphism. Armed with this observation, it is easy to see that j(F) is 
closed under composition. We also leave it to the reader to check that j([F) is pushout- 
invariant. 
The following proposition rounds out this presentation of the connection between 
the setup in [7] and the new, pushout-driven machinery. The proof is straightforward. 
Proposition 2.2. Let [F be a sup-closed, cosmall class of FEOs, which is closed under 
composition. Then j(E)* consists of all the FEOs lying beneath p(E), and p( j(Q) = 
u( IF) = sup [F. 
Conversely, tf 2 is any cosmall class of epic rc-extensions, which is closed under 
composition and preserved by direct limits, then 2 c j(y*) and p(f) =sup$* = 
u(jV* )). 
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In the next section we briefly investigate completion operators, introduced in [7], 
from the point of view of pushout-invariance, as an application of the foregoing. 
3. Completion operators 
Recall, from [7], that a completion is an extension operator y on A such that, for 
each A-object A, whenever yA = f. g, with g : A -+ B and f : B + yA, and g is epic, while 
f is manic, then there is an isomorphism a : yB+ yA so that LX . yB = J It should be 
evident that a monoreflection is a completion operator. 
Suppose that J% is any class of monomorphisms, y any completion operator, and A 
any A-object. If p is an FE0 and each PA E J%‘, we shall call p an .&‘-FEO. In [7] 
we introduced the class 
[4!<y]={g:A+B:gEk’,gepic,& 3f, monk, f’g=yA}. 
We shall call a member of [JY 5 y] an [k’ 5 y]-extension. With an eye towards using 
Theorem 2.1, we have the following. 
Lemma 3.1. Assume that J& is a class of monomorphisms, closed under composition. 
Then 
(a) [k? 5 y] is also closed under composition; 
(b) [&’ < y]” consists of epic rc-extensions, and is closed under composition; 
(c) suppose now that, in addition ~2 is preserved by direct limits, and that A 
satisfies property (S). Then [.I&’ < y] is also preserved by direct limits. 
Proof. (a) Suppose that g and h are members of M, both epic, and that there exist 
monomorphisms f and f ‘, so that f .g = yA, while f’ .h = ye. By definition, there is 
an isomorphism CI : yB + yA so that a . ye = f. The factorization yA = CI . f’ . (h . g) then 
witnesses that h . g belongs to [JZ 5 y]. 
(b) Directly from Proposition 1.1. 
(c) Suppose that (&, &) is a direct system, with limit B and limit sink (p;,B). 
Suppose that h : A +Bi is a natural source of morphisms in [J%! 5 y] and f = fii . f;:. 
We wish to show that f E [.M 5 y]. By assumption, we have monomorhisms gi : Bi + yA 
so that yA = gi . fi. It is routine to show that the gi form a sink for the direct system, 
and we leave this detail to the reader; one needs the fact that the fi are epic. Thus 
there is a unique morphism g : Bi + yA, necessarily manic, on account of property (S), 
imposed on the category, so that g . /Ii = gi, for each i. It then follows immediately 
that ?/A = g . f. Since the class of epimorphisms is preserved by direct limits, this 
proves (c). 0 
Applying Theorem 2.1 to [.M 5 y]“, we have the following result, which is a slightly 
generalized version of Theorem 4.2 of [7]. 
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Theorem 3.2. Suppose that Jt’ is a class of monomorphisms, which is closed under 
composition, and preserved by direct limits. Assume that direct limits in A satisfy 
property (S). Finally, suppose that y a completion operator, and that [J%’ 5 y] is 
small (or cosmall). Then there is a largest d-FE0 beneath y, denoted p(~&‘, y), and 
it is a monoreflection. 
4. x-Extensions with representational constraints 
Once again, we proceed in a category A endowed with direct limits and pushouts. 
We shall also assume in this section that A has products. 
Let us call a class 9’ of A-objects, with the property that each A-object can be 
embedded in a product of objects in 9, an SP-generating class. (For instance, Y 
might be the class of all fields in Nn, the category of semiprime commutative rings 
with 1, and all homomorphisms which preserve the identity. A ring A is semiprime 
if it has no nonzero nilpotent elements.) One could also restrict to the class of all 
algebraically closed fields in the same category. In Nnf, the category of all semiprime 
f-rings, one could take the class of all totally ordered fields, or else the class of all 
real closed fields. 
Let & be a pushout-invariant class of epic monomorphisms. Consider all extensions 
in 4, A 5, B, satisfying the following extendibility criterion: for each A-morphism 
9 : A -+ Z E 9, there is an A-morphism O* : B + Z such that 9* . c( = 0. It is reasonable 
to call these the ,XJY-n-extensions; we shall denote the class of all such extensions 
by (~@ly). 
We record the following observation about the class (M/.9’). 
Lemma 4.1. Suppose that Y is an SP-generating class of A-objects, and ~2’ is a 
pushout-invariant class of epic monomorphisms. Then 
(a) if J& is closed under composition, (&/9’) is a pushout-invariant class of 
extensions, which is closed under composition; 
(b) if ,+4? is preserved by direct limits, then so is (J&‘/Y). 
Proof. (a) Is straightforward; we move on to (b). 
Let (Bi, Pij) be a direct system, (pi, B) be a limit sink. Suppose that (A, gi) is a natural 
source, with each gi E (d/9’), and let g = pi . gie One has to show that g E (4/Y). By 
assumption, g lies in JH, so that it only remains to show that it is an M/Y-n-extension. 
So suppose that $I : A + Z is an A-morphism, with Z E 9. There exists a di : Bi ---f Z 
such that @i . gi = 4, and @i is unique, as gi is epic. The latter attribute also implies 
that ($i,Z) is a natural sink, and, therefore, there is a unique morphism 4 : B -+ Z so 
that 6 . /3i = 4i. Thus, 4 = & gi = 6 . g, proving the claim. 0 
Suppose that y is a completion operator, and let 
fix(y) = {A : yA is an isomorphism}. 
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It should be clear that if y is an idempotent completion operator, then fix(y) is an 
SP-generating class. In general though, fix(y) can be empty. The referee has kindly 
pointed out the following easy example in the category Nn of commutative semiprime 
rings with identity: the completion is ~_4 =A[TA], the polynomial ring in one variable 
over A, with ye : A -+ yA the canonical inclusion. Most of the completion operators we 
shall be interested in are idempotent. 
The proof of the following proposition is straightforward, and is left to the reader. 
Proposition 4.2. Suppose that y is an idempotent completion operator, and JL! is a 
pushout-invariant class of epic monomorphisms, which is closed under composition. 
Then [J?’ 5 ylK G(u%e/fix(y)). Equality holds tf y is a monoreflection. 
We do not know whether equality holds, in general. 
We should like to single out one class of epic monomorphisms; it is interesting 
in its own right, but falls outside the scope of the previous lemma. Recall, that an 
A-extension c1 is said to be essential if f is manic, whenever f. ct is manic. &Y will 
stand for the class of essential extensions in A. We shall refer to the members of 6’9’ 
as the z-essential-extensions. 
First, an observation about 69’“. 
Proposition 4.3. Suppose that f is any pushout-invariant class of A-morphisms, con- 
sisting of essential extensions. Then each member of 2 is epic. 
Proof. Suppose that A la B belongs to f, and I$,, 42 : B 4 C are A-morphisms such 
that 41 u = 42. ct. Denote this common composite by 4, and form the pushout of u 
and 4: 
From the identity 1~ . $I = ~$1 . CI, one derives an A-morphism 81: D -+ C, so that 
81 ’ cc’ = 1~ and 81 .4’ = 41. But c(’ E dp, and hence an essential extension. This means 
that f3i is an isomorphism, and, in fact, the inverse of a’. Repeating the above argument 
with 42, one obtains an A-morphism 02 : D + C so that &.c(‘=lc and f32.#=&. 
It follows that 81 = 02, which implies that ~$1 = ~$2. 0 
In view of Proposition 4.3, there are certain categories, in which the concept 
of a rc-essential-extension is trivial. The corollary which follows applies to the 
so-called concrete categories, where the notion of a sujective function makes sense 
(see 191). 
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Corollary 4.3.1. If epimorphisms are surjective in A then no A-object has a proper 
rc-essential-extension. 
Some categories in which epimorphisms are surjective: the category of all left (unital) 
modules over a ring with 1; the category of all abelian groups; the category of all 
groups. 
Now that we know that 69” consists of epic monomorphisms, let us apply the first 
two results of this section. It should be clear that the class of all essential extensions 
is closed under composition, and, therefore, that &Yn is as well. 
Lemma 4.4. Let Y be an SP-generating class, and suppose that in A property (S) 
holds for direct limits. Then (SV”jY) is preserved by direct limits. 
Proof. Let (Bi, /$j) be a direct system, (fli,B) be a limit sink. Suppose that (A, gi) is a 
natural source, with each gi E (89’“/9), and let g = pi . gis In the proof of Lemma 4.1(b) 
it was already shown that g would have the required extendibility property. 
Now suppose that 0: B + C is an A-morphism so that 8. g is manic. Note that, 
since each of the gi is epic (by Proposition 4.3), g too is epic. For each i E I, 8. /3i . gi 
is manic, whence 0. pi is manic as well. By uniqueness, since 8 is the limit of the 
natural sink (8. pi, C), and by property (S), it follows that 8 is manic. 
What is left to prove then is that g is manic. That will show that g E 89, proving 
that 69 is preserved by direct limits. Applying Proposition 1.1(d), we are done. 
Now, by the assumptions on 9, we may embed A in a product Z = IIkE~Zk of objects 
in 9 Call this embedding A 5, Z. Let & : A 4 Zk be the restriction of the canonical 
projection of Z on Zk. For each i, extend & to 6k,i : Bi -+ Zk. There is induced an 
A-morphism ri : Bi -+ Z SO that ri + gi = Z; since r is manic SO is each ri. Since each gi 
is epic, (ri,Z) is a natural sink for the system, and so we have an induced A-morphism 
7: B ---f Z, which is manic, owing to the assumption in the lemma. Finally, observe that 
Z.g=Z’Bi.gi=ri.gi=r, and SO g is manic. 0 
The following theorem is a direct consequence of Theorem 2.1. Recall that if f is 
a class of A-morphisms, and A is an A-object, then f(A) denotes the members of f 
with domain A. 
Theorem 4.5. Suppose that 9’ is an SP-generating class of A-objects, and that ~2’ 
is a pushout-invariant class of epic monomorphisms, which is preserved by direct 
limits and closed under composition. If (k?/.Y) is cosmall, then, for each A-object A, 
(M/Y)(A) has a largest element p(~2’/9’)~ : A --t p(M/Y)A. This extension defines 
the largest FE0 p with the properties that 
(i) each PA : A + pA lies in J%’ and 
(ii) Y C fix(p). 
Proof. All claims but the last are immediate consequences of Theorem 2.1 and 
Lemma 4.1. The FE0 ,u(&?‘/Y) satisfies (i) and (ii) by construction. If p is an FE0 for 
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which (i) and (ii) hold, then (by (ii)) each pi : A + p4 admits extension of morphisms 
into objects in 9, whence PA is an A/Y-rc-extension. 0 
In the context of 89, Theorem 4.5 reads this way. 
Theorem 4.6. Suppose that Y is an SP-generating class of A-objects, and that prop- 
erty (S) holds in A for direct limits. Suppose as well that (&Y’“/sP) is cosmall. 
Then, for each A-object A, (&9’/9’) (A) has a largest element u(8~Pn/~)A :A + 
u(89’40rr/9)A. If p is an essential monoreJEection, so that YC fix(p), then p < 
,u(8~z/9). 0 
Proof. It suffices to show that, for each A-object A, the extension PA : A --t pA is an 
bY”/Y-z-extension. That it admits extensions of morphisms into objects in 9, is part 
of the assumption. The issue then is whether PA is n-essential. 
Suppose that 8: A -+ B is an A-morphism, and form the pushout of PA and 8: 
A ----@-PA 
From the identity pi. 8 = p(e). PA one obtains a morphism 4 : C + pB, so that 
$!J. fl=pB. Applying Proposition 1.2(ii), f$ is manic (because fi is epic), and, in fact, 
4 is essential. From this it is easy to show that B is also essential; it is clear that it is 
manic. 0 
A monoessentially rejlective subcategory B of A is a monoreflective subcategory 
which is the range of an essential (mono)reflection. (Note: if p and o are monoreflec- 
tions with ranges C, and C,, respectively, then p 2 B if and only if C, c C,.) 
Corollary 4.6.1. Suppose that Y is an SP-generating class of A-objects, and that 
property (S) holds for direct limits. Assume that (SV”/sP) is cosmall. Then the 
least monoessentially rejlective subcategory of A which contains all the objects in 9 
is the range of u(&9’“/9). 
5. Flat morphisms 
Taking a cue from homological algebra, let us say (in an arbitrary category with 
pushouts) that an A-morphism a : A + B is flat if, for each A-extension CI’ : A -+ B’, 
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in the pushout below 
AaB 
(716) a’ 
I ,! 
B 
B’ 
6’ 
C 
j3 : B + C is also manic. A manic flat morphism will be called a flat extension. 
The following proposition is also motivated by the classical theory of commutative 
rings. 
Proposition 5.1. Suppose that A & B is an A-extension. If a is A-Jat and epic then 
it is essential. Conversely, an essential n-extension is pat. 
Proof. Suppose that CI is flat and epic. If 4 : B + Y is an A-morphism and 4. a is 
manic, then the diagram below is a pushout, because a is epic: 
A”B 
It follows that 4 is manic, whence u is essential. The converse is left as an exercise 
for the reader. Cl 
Continuing to borrow from ring theory, the next result generalizes Proposition 3.4 
in [12]. Recall that .&QJf stands for the class of all monomorphisms of the category. 
Proposition 5.2. Suppose that JH is a class of epic monomorphisms, which is (a) 
closed under composition, and such that (b) whenever f. g E &, with f manic and g 
epic, it follows that f, g E A. Suppose that JZ is cosmall, closed under formation of 
pushouts and preserved by direct limits. 
Then each A-object A has a largest extension in JH, cl(&)~ : A + cl(M)A. cl(M) 
is a completion operator, and the FE0 p lies beneath cl(M) if and only tf p is an 
J+!-FEO. Finally, ,u(.k‘~6’.N,cl(~)) is the largest A-FEO. 
Proof. In the by-now-familiar fashion, form cl(A’)A, the direct limit of the direct 
system (B,,&), consisting of a complete set of representatives, modulo equivalence 
over A, of classes of extensions CQ :A -+ Bi in ~7, where pii is the unique morphism 
such that & . cti = 011’. It is readily verified that this produces a completion operator. 0 
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Example 5.2.1 (The completion cl(%)). In any category A which has pushouts, con- 
sider the class % of all epic, flat extensions. The following features of % are easily 
verified: 
(a) % is closed under composition; 
(b) if f. g E %, with g epic and f is manic, then f, g E % (some pushout-diagram 
chasing is involved! ); 
(c) an FE0 p is an %-FE0 if and only if p is essential. (Necessity is clear, in 
view of Proposition 5.1. As to the converse, for each A-object A, and each 
monomorphism CI : A + B, form the pushout of PA and a; denote by c(’ : pA -+ C 
the morphism “parallel” to CL We wish to show it is manic. From the functorially 
induced identity pi . c! = p(cr) . p.4 and the assumption that p is an essential FEO, 
we deduce that p(u) is manic. Owing to the pushout, there is a morphism 
y : C + pB so that y. LX’ = p(a), which implies that ~1’ is manic.) 
If we assume that % is cosmall, closed under formation of pushouts, and pre- 
served by direct limits, then, according to Proposition 5.2 we obtain cl(%), so that, 
for each A-object A, cl(%)A is the largest extension of A, which is epic and flat. The 
FEOs lying beneath cl(%) are precisely the %-FEOs. The maximum monoreflection 
~(,,&‘LOJV, cl(%)) is simply the largest essential monoreflection. 
In the category Rng, % is small, closed under formation of pushouts, and preserved 
by direct limits; this is the content of Proposition 3.4 of [12]. However, as we shall 
observe in Section 8, Rng has no nontrivial monoreflections, so, in particular, no es- 
sential ones. 
Note that, in Rng, the class .k! of all epic monomorphisms is not closed under 
the formation of pushouts; e.g., the pushout of the canonical embedding Z 5 Q (Q 
being the field of rational numbers) and the natural surjection of Z onto the integers 
modulo 2, is zero. One cannot form cl(A) in this instance. 
6. A-kernels under z-extensions 
The setting in this section is a bit more concrete than the preceding ones. We shall 
assume that each object in A has an underlying group structure, in the following precise 
sense. A is endowed with a “grounding” functor U: A -+ Gr (where Gr stands for 
the category of all groups and group homomorphisms,) subject to the condition that 
it be an algebraic functor. To explain this concept and give the reader a sense of its 
significance, a brief excursion is required. The reference for this is Section 32 of [9]. 
We shall leave some of the terms undefined, and encourage the reader to appeal to [9]. 
First, a category A, endowed with a faithful functor U: A + Set (the category of 
all sets and maps) is called a concrete category. (A functor U is faithful if, for each 
pair of morphisms f and g with common domain and codomain, U(f) = U(g) implies 
that f = g.) A concrete category (A, U) is called algebraic if 
(a-i) A has coequalizers; 
(a-ii) U has a left adjoint; (that is, for each set X, the free object over X exists); 
(a-iii) U preserves and reflects regular epimorphisms. 
A. W Hager, J. Martinez I Journal of Pure and Applied Algebra 129 (1998) 263-295 277 
An algebraic category has all of the following features (the references being from 
[91): 
6.1(a) U preserves and reflects monomorphisms (32.5) (i.e., the A-morphism f is 
manic if and only if U(f) is one-to-one); 
6.1(b) U preserves and reflects isomorphisms (32.5) (i.e., f is an A-isomorphism 
if and only if U(f) is one-to-one and onto); 
6.1(c) A is complete (all limits exist) and U preserves and reflects limits (32.12); 
6.1(d) A is wellpowered (32.10), (but is not necessarily cowellpowered, as far as 
we know); 
6.1(e) A is cocomplete (32.14) (all colimits exist, direct limits and pushouts, in 
particular); 
6.1(f) Each A-morphism f has an essentially unique factorization f = f 2 . f 1 so 
that f 1 is regular epic and f2 is manic; (meaning that every A-morphism 
can be factored through its “image”). 
Now, suppose that U: A + B is a fimctor. We say that U is an algebraic functor 
if it has a left adjoint and preserves and reflects regular epimorphisms. The principal 
fact we need in this context is the next theorem. 
Theorem 6.2 (32.20, [9]). Suppose that U : A 4 B is a functor between algebraic 
categories (A, Ul) and (B, 17.2) so that U2. U = UI. Then U is an algebraic functor. 
Our standing assumption throughout this section is that A is endowed with an al- 
gebraic functor U : A + Gr. saying that A 
is algebraic, : A + Gr so that the underlying sets of the A-object A 
and U(A) agree (and U satisfies the properties highlighted above.) 
Such a category A will be called a category of groups. The reader familiar with 
operator groups may, fairly, think of this situation as a generalization of that concept. 
More practically, one could think of the objects of A as groups with additional structure, 
of the morphisms as group homomorphisms, which preserve that additional structure. 
(We shall henceforth omit mention of the algebraic functor U This will also blur the 
distinction between monies and injective maps, as well as between regular epics and 
sutjective ones.) 
Observe that, if A is a category of groups, then it is wellpowered, and so, for each 
class ~8’ of monomorphisms and each completion operator y, [J& < y] is small. 
In the majority of examples in which we shall be interested, the category A is rc- 
cowellpowered, that is, the class of all epic n-extensions is cosmall. Then, for each 
class ,M of epic rr-extensions, and any SP-generating class Y of A-objects, (A/Y) is 
cosmall. 
If we assume that & also satisfies all the other appropriate conditions of Sections 3 
and 4, then the results of those sections apply. 
If f : A + B is an A-morphism, then ker( f) = { a E A : f(a) = 0 } is, per definition, 
the kernel of J An A-kernel is a kernel of an A-morphism. In view of 6.1(f), if 
K CA is an A-kernel, then K = ker( f ), where f is regular epic. Since f is regular 
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epic precisely when f is surjective, this amounts to defining an “A-structure” on the 
set of cosets A/K. Since the factorization in 6.1(f) is unique up to isomorphism, there 
can be no ambiguity in defining the natural map VK : A + A/K to be an A-morphism. 
We denote the set of A-kernels of the A-object A by A-ker(A). If A 5, B is any 
A-extension, and K E A-ker(B) then K n A is an A-kernel of A; we call the map 
KC = VKnA contraction to A. If, in addition, CI is a n-extension, then one can define a 
notion of “extension” of A-kernels: if L is an A-kernel of A, then form the pushout of 
IX and VL: 
(718) vL 
I 
It is not difficult to verify that /I is surjective. We then put Le = ker (/?). We leave it 
to the reader to check that (Le)C = L. The first theorem of this section shows that the 
maps ( . )’ and ( . )” are mutual inverses, for rc-essential-extensions. 
Theorem 6.3. Suppose that A & B is a rc-extension. Then: 
(a) for each A-kernel L of A, Le is the least A-kernel of B for which (Le)C = L; 
(b) if u is a n-essential-extension, then contraction becomes an order-preserving 
isomorphism from A-ker (B) on to A-ker (A). 
Proof. That (Le)C = L should already be clear. Suppose therefore that K E A-ker(B), 
and that KC = L. Then, writing 6 : A/L -+ B/K for the canonical induced A-morphism, 
we get 6 ’ VL = vK. c(. Then, by properties of the pushout (718), we get an A-morphism 
6’ : Y + B/K so that vK = 6’ . /?. From this it is clear that Le C K, which proves (a). 
Suppose now, that a is a n-essential-extension, and that K E A-ker(B). We have 
K = ker(vK), and KC = K n A = ker(vK . a). Next, push CI and VKnA out: 
Observe that z is an essential extension, and that both vertical maps are surjective. Fur- 
thermore, we have the natural A-extension a’ : A/KC + BJK (which is an A-morphism 
because it is the second factor of the image factorization of the restriction vK . a). 
By the definition of pushouts, there is an A-morphism rt : Y’ --+ B/K so that r’ z = ct’ 
and 2’. fl= vK. Since r is an essential extension, it follows that z’ is one-to-one; 
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on the other hand, being the second factor of a surjective map, z’ is also surjective, 
and, therefore, an isomorphism. This suffices to show that (KC)e = K. 
We’ve shown that contraction is bijective; then it is obvious that it is an order- 
preserving isomorphism. 0 
Taking our cue from (a) in Theorem 6.3, let us call an A-extension A & B so 
that, for each L E A-ker(A), there is a least K E A-ker(B) which contracts to L, an 
A-k-extension. If ( ’ )” is an order-preserving isomorphism we shall say that M is A-k- 
preserving. Obviously, an A-k-preserving extension is essential. 
Theorem 6.3 says that a rc-essential extension is A-k-preserving; under what circum- 
stances is the converse true? We have no satisfactory answer yet, except for partial 
converses, all of which assume a kind of “amalgamation property”. However, we prefer 
to defer further discussion of this question. 
Example 6.4. Let /Ab stand for the category of abelian lattice-ordered groups, to- 
gether with all lattice-preserving homomorphisms. Suppose that G is a lattice-ordered 
abelian group. A subgroup H of G, which is also a sublattice and order-convex, is 
called a convex f-subgroup. A convex /-subgroup P of G is said to be prime if GjP is 
totally ordered. It is well known that in d Ab the convex L-subgroups are the kernels. 
For general background on lattice-ordered groups the reader is referred to [3] or [4]. 
As has been observed in [7], in LAb every monoreflection is essential, and the 
maximum monoreflection is ( . )d, passage to the divisible hull. This follows from 
some work in [l], to which we shall again presently refer. 
G is said to be laterally complete if every set of pairwise disjoint elements has a 
supremum in G. The L-subgroup H of G is a large subgroup if for each 0 <g E G 
there is an h >0 in H, and a natural number n, such that ng 2 h. G is called the 
lateral completion of H if it is laterally complete, H is large in G, and no proper 
e-subgroup of G contains H and is laterally complete. Every abelian lattice-ordered 
group G has a unique lateral completion GL. (Once again, for details we refer the reader 
to [3,41.) 
It is easy to verify that A, the passage to the lateral completion, is a completion 
operator. In applying Theorem 3.2, we take JZ = _&‘cO,Y, the class of all monomor- 
phisms. Since each monoreflection on PAb is bounded by the divisible hull, we have 
that p(,VfiA’“, 2) 5 (. )d. We claim, in fact, that p(~%‘O,/lr, 2) = z, the identity hmctor 
on t Ab. 
Since every monoreflection is essential, for each monoreflection p on L Ab, beneath 1, 
the contraction defines an 8-isomorphism from P Ab-ker(pG) onto e Ab-ker(G), ow- 
ing to Theorem 6.3. Moreover, if P is any prime convex L-subgroup of pG, then 
(G/P”)‘= G/PC, and by the arguments of this section, the pushout of pi : G + pG 
and the canonical map G + G/PC is the pair of canonical maps pG + p(G)/P and 
GJP’ < p(G)/P. Since p is essential, we get the following string of embeddings: 
G/PC 5 p(G)/P 5 p(G/P’) < (G/PC)’ = G/P’, 
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and so it follows that the canonical map G/PC + p(G)/P is an isomorphism. This 
means that pG = G + P, which holds for each prime convex e-subgroup. By Theorem 
1.1 of [l], we obtain that pG = G. This establishes the claim. 
By contrast, in Arf, the category of archimedean f-rings, ~(&?COJV, 2) > 1. However, 
we shall discuss Arf elsewhere. 
We shall devote the remainder of this paper to applications of the foregoing work 
to specific categories. We begin with a brief review of rings of quotients. 
7. Functorial rings of quotients 
In this section the working category A is a “category of rings”. We attach the same 
technical significance to this term, as we did to the label “category of groups” in the 
preceding section. Thus, A is a category of rings if it is endowed with an algebraic 
functor U : A -+ Rng, with an additional assumption regarding direct limits, which we 
shall designate property (M’) : 
(M’) suppose that (Bi,pu) is a direct system in A, with each pij manic. If (pi,B) 
is a limit sink, then (U(Bi), UB) is a limit sink of (UBi, U(/3,)). 
It is easy to see that property (M’) implies properties (S) and (M) for direct limits. 
These stipulations, evidently, constitute a special case of the situation in the previous 
section. 
Let us make a short list, of the categories which will concern us for the remainder 
of this work. They are, apart from Rng itself: 
Nn. The full subcategory of Rng consisting of all semiprime rings; 
f-Rng. The category of all commutative f-rings with 1, together with all the 8- 
homomorphisms which preserve 1. (A lattice-ordered ring A is said to be 
an f-ring provided a A b = 0 implies that a A bc = 0 for each c 2 0); 
f-Nn. The full subcategory of f-Rng of all semiprime f-rings. 
Let us begin with a brief review of rings of quotients. Following Utumi [20], an 
extension A 5 B (in Rng) is called a ring of quotients if for each pair bl, bZ E B, 
with b2 # 0, there is an a E A such that abl and abz are in A, and abz # 0. There is 
a maximum ring of quotients, for each Rng-object A, denoted, as in [7], by QA. If 
QA = A, it is said that A is a complete ring of quotients. (The reader who is familiar 
with the literature on rings and modules will probably recognize these rings as the 
seljinjective rings.) 
The operator Q is an idempotent completion operator. It is easy to verify directly 
that any ring of quotients of A is an essential extension, in Rng, and therefore it is 
essential in A. We shall call the FEOs beneath Q (as in previous articles) ring-of- 
quotients functors (abbr. roq-functors). Thus, any roq-functor is essential. Note also 
that the members of [J&‘&V 5 Q], with domain A, are precisely the epic rings of 
quotients of A. 
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Proposition 7.1. In any category of rings A, in which A 5 QA is always an A- 
morphism, p(.&Y!LV, Q) exists and equals p( [&W.N 5 Q]“). 
Proof. First, note that [Jz’&,V I Q] is small. As has already been observed, property 
(S) holds for direct limits in A. Thus, applying Theorem 3.2 (or Theorem 4.2 of [7]) 
we can conclude that ~(J&X+‘“, Q) exists, and that it equals p( [J%?%V < Q]=). 0 
Note. There are some interesting categories of rings, in which the embedding of an 
A-object in its complete ring of quotients is not an A-morphism. However, since we 
shall not take up such categories here, it is best to leave out any generalization of the 
above. 
We shall consider roq-functors in the categories mentioned above. We refer the 
reader to the work already in print on this subject, in [5-71. In Arf the maximum roq- 
ftmctor is nontrivial; we shall discuss that and other matters related to Arf elsewhere. 
We shall prove in the next section that, in Rng, ~(_MJM’“, Q) = I (and, indeed, this 
category has no nontrivial monoreflections; see [13]). The maximum roq-mnctor is, 
however, not trivial in Nn. Although we shall save many of the global aspects of 
Nn for the next section, we prove the latter claim here, and establish certain basic 
properties of roq-functors as well. 
In the sequel, let us refer to the members of [J%%V 5 Q]= as z-roq-extensions. 
Ingeneral,ifx~QAthenx~1A={a~A:xa~A}isadenseidealinA.Callx~QAa 
1 + fi is not (because no power 
of 1 + fi lies in A). In the same category, note that for the subring A = R[X2,X3] of 
the polynomial ring over R in one indeterminate, l/X is a bounded fraction, whereas 
1/X2 is not. 
Still, &A gives an estimate for ~(J%‘&V, Q)A, which is of some use. 
Proposition 7.2. For each A-object A, ~(&RkAf, Q)A C &A. 
Proof. If x E ~(J%‘&V, Q)A is not bounded, then there is a d EX-‘A and an A- 
morphism 4 : A + B for which 4d = 0, but &xd) # 0. Let $* : p(_4iY!LV, Q)A -+ QB be 
the induced extension of 4. Then $(xd) = c$*x. 4d = 0, which violates the assumptions. 
Therefore, x is a bounded fraction. 0 
Example 7.3. In Nn, there exist integral domains A, for which P(.YZ&V, Q)A #A. 
Thus, ~(&Y!M’-, Q) > 1. 
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(Contrast this with the fact that, in Nn, the maximum roq-fimctor beneath the clas- 
sical ring of quotients q is trivial; see [5]. Moreover, all the examples discussed in [6], 
of roq-functors arising from direct limits of filters of ideals, in Nn, (and f-Rng and 
f_Nn) reduce to the classical case.) 
To produce our example, we want simply to exhibit an integral domain A with a 
proper rc-roq-extension. Toward that end, let us observe that, for any integral domain 
A, (in Nn), 
(&A={xEqA:x=a/b + b divides a power of a}. 
Thus, if every fraction of qA can be written as c/d, so that no power of c is divisible 
by d, then A = p(L!l!LV, Q)A. This happens for all of the following domains: 
7.3(a) unique-factorization domains; 
7.3(b) Bezout domains. (D is a Bkzout domain if every finitely generated ideal of 
D is principal; this includes all valuation rings. Recall that an integral domain 
is a valuation ring if its ideals form a chain under inclusion.) 
Consider A = R[X2,X3] < R[X], the polynomial ring in one indeterminate. We show 
that A 5 l&Y] is a rc-roq-extension in Nn. 
It is not hard to see that, if 4 : A -+ B is an Nn-morphism, then 4(X*) = 0 if and 
only if @(X3) = 0. So if Ker(4) contains both these powers then it is a maximal ideal. 
Define &Y) =0 and J(Y) = $v- for every constant, extend 4 to [w[X] in the obvious 
way, and then restrict to A; this gives an extension of the map 4. 
To show that A 5 R[X] is a rc-roq-extension we must show that for each Nn- 
morphism 4: A -+ B, in the pushout 
r is a ring-of-quotients extension. We prove it first in the event that QB = B. 
Let +(X2) = b # 0 and 4(X3 ) = c # 0. Note that B is a von Neumann regular ring (we 
recall this concept and its basic features in Example 8.1). This implies (see [ 11, Propo- 
sition 2.1, p. 421) that b and c generate the same ideal Be, for some idempotent e E B. 
Next, there exists a y E Be such that by = e. Set q(X) = cy, and J(r) = 4(y), for any 
constant. Note that c2 = b3. Also, &X2) = c*v’ = b3y2 = b, and, likewise, &X3) = c, 
which proves that the map 4 defined in this manner on [w[X] extends 4. 
Let us now complete the proof that A 5 R[X] is a rc-roq-extension. To this end, 
suppose that 0: A + B is a homomorphism, with B semiprime. Consider the pushout 
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square below: 
According to what has been shown so far, one can lift the composite O:A-+ 
B 5 QB to 6: R[X] + QB. By the properties of pushouts, the embedding B < QB 
then factors into 6 . z, for a suitable 6 : C -+ QB; this makes r injective. It remains 
to be shown that 6 itself is one-to-one. (We suppress z in what remains of this 
discussion.) 
To accomplish this, let us analyze C (in the pushout) more closely. Put /3(X2) = b2 
and 0(X3) = b3, and also a(X) = t. We begin with the following observations, which 
ought to be obvious, and are left to the reader: (1) b2t = b3; (2) each element of C can 
be written in the form bt + c, for suitable b, c E B; (3) since all the rings in question 
are semiprime, b2 = 0 precisely when b3 = 0, and in this event t = 0. If this happens, 
B = C, and 6 is an embedding, as desired. 
Thus, in the discussion that remains about this example, we suppose that t # 0, b2 # 0 
and b3 # 0. Since C is semiprime, it is easy to see that, if two elements have the same 
squares and cubes, they are, in fact, equal. Now suppose that bt + c # 0. Then either 
b2b2 -c2 # 0 or b3b3 +c3 # 0. Next, we verify that (bt+c)-‘B is dense in B. If db2 = 0, 
then d2b2 = (dt)2 = 0, whence dt = 0 and d(bt + c) = dc E B; so (b2)’ g(bt + c)-‘B. 
(Note: x’ denotes the annihilator ideal of x.) Since we also have that bz(bt +c) = bb3 + 
b2c E B, it follows that (bt+c)-‘B contains the ideal generated by b2 and its annihilator. 
As the latter is dense, so is (bt + c)-‘B. 
Now, what we have is this: given bt + c # 0, there is an element y E C such that 
(bt + c)y E B and nonzero. So if d(bt + c) = 0, whenever d E (bt + c)-‘B, then d(bt + 
c)y = 0, a contradiction. This shows that, for each bt + c E B, (bt + c)-‘B is dense 
in C, and thus that C is a ring of quotients of B. This shows that 6 is injective, and 
(finally) that A 5 R[X] is a rc-roq-extension. 
(In turn, this shows that R[X] 5 ~(J%%V, Q)A. Since l&Y] is a unique-factorization 
domain, it has no proper rc-roq-extensions, which implies that R[X] = ~(&?Y?)~, Q)A.) 
It is worth adding to this discussion that if the extension A 5 R[X] is regarded 
in Rng, then it is not even epic. For example, let J be the ideal 
generated by X3; consider the homomorphisms Or,02 : R[X] + R[X]/J, where 81 is 
the canonical map and Q&“(X)) = &(f(-1)). Now, while I!+# 02, they do agree 
on A. 
Another consequence, in Nn, of the above discussion is this: 
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Proposition 7.4. In Nn, suppose that A is an integral domain. Then p(JzVLV,Q)A 
is integral over A; thus, if A is integrally closed (in its field of quotients), then 
,u(,,&X!LM, Q)A = A. 
(Note: Recall that for A < B, x E B is integral over A if x satisfies a manic polynomial 
equation with coefficients in A.) 
Proof. The integral closure of A in qA is the intersection of all the valuation subrings 
of qA which contain A; see [2, Corollary 5.221. Now, if B is such a valuation ring, 
then since B is Bezout, it follows that ~(~%‘0_,lr, Q)A 5 p(J&!?bV, Q)B = B. This suffices 
to establish the claim. 0 
The converse of Proposition 7.4 is false, however. 
Example 7.5. (In Nn) an integral domain with no proper rc-roq-extensions, which is 
not integrally closed. 
Let A = R[X, Y]/P, where P is the ideal generated by Y2 - X3 +X2; note that P is 
a prime ideal. Thus, A is the ring of polynomial functions A = R[s, t], defined on the 
curve Y2=X3-X2, where s=X+P and t=Y+P. 
As (t/s)2 = s - 1, A is not integrally closed; indeed, it is not hard to see that A[t/s] 
is the integral closure of A. However, the real specialization s -+ 0 and t + 0 cannot 
be extended to t/s with real values. This says that t/s $ p(AC!bV, Q)A. Furthermore, 
each element of A[t/s] can be written as a + r(t/s), where a E A and T is a real number. 
Then it is not hard to see that ~(&‘&V, Q)A = A. 
The use of the real field in this example is not the crucial point, however. One can 
construct a similar example, over any field F, the characteristic of which is nor two, by 
using the curve Y2 =X2-X3 instead. Letting s =X + P and t = Y + P, where P = ( Y2- 
X2 +X3), we once again consider A = F[s, t] = F[X, Y]/P. This time (t/~)~ = 1 -s, and 
again A[t/s] is the integral closure of A, and once more each element of A[t/s] can 
be expressed as a + r(t/s), where a E A and Y E F. This time around, the specialization 
s + 0 and t + 0 in F has two extensions to A[t/s]: &(a + r(t/s)) = a00 + Y and &(a + 
r(t/s)) = a00 - r, where a00 denotes the constant term of a. Thus, it is the unicity which 
fails in testing whether A 5 A[t/s] is a rt-roq-extension. 
As in the first case, p(M(%V, Q)A = A. 
Let us now move on to more global considerations of the categories Rng and Nn. 
8. The big picture in Rng and Nn 
We make short shrift of Rng. This category has no nontrivial monoreflections. It is 
shown in [ 131 that there are no nontrivial rc-extensions in Rng, which settles the issue. 
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So we move on to Nn. We begin with an example, of an important epireflection in 
Rng. 
Example 8.1. (The epirejlection T of Rng in vN, the subcategory of all von Neumann 
regular rings). It is introduced in [16]; we place it in the context of our discussion. 
First, however, a review of von Neumann regular rings is in order. 
A commutative ring A with 1 is von Neumann regular if for each a E A there exists 
an x EA such that a2x=a. It is easy to see that a von Neumann regular ring is 
semiprime, and it is well known that a semiprime ring is von Neumann regular if and 
only if every prime ideal is maximal (see [2, Exercise 11, p. 441). 
[ 161 constructs a functor T which is the epireflection of Rng in vN; it has the 
property that each reflection map tA : A + TA annihilates the nilpotent elements. Thus, 
when restricted to Nn, T becomes a monoreflection. It is not an essential reflection. For 
example, it can be shown from the work in [ 161, that TZ! is not an integral domain, and 
therefore the extension of the natural embedding of Z in the rationals is not injective. 
As we shall observe presently, T is not the maximum monoreflection either. 
With regard to &Y we have: 
Remark 8.1.1. In Nn, p(EY, T)=~(~%JV,Q>. 
Proof. As to p(&P, T), the largest essential monoreflection beneath T, it is easy to see 
that each [&!Y 5 T]-extension is a ring of quotients, whence, for each semiprime ring A, 
p(8”, T)A 5 QA, which says that ~(89, T) is an rcq-functor on Nn, and hence, we 
may conclude that ~(840, T) < ~(J&?LV, Q). On the other hand, the reflection map of 
any rcq-functor is a rc-essential-extension, so that equality follows. 0 
As demonstrated in Example 7.3, the maximum roq-functor ,u(_L&?LM, Q) is non- 
trivial in Nn. We deduce from the following proposition (and Theorem 4.6) that 
p(&!Y’“/obj(vN)) = p(kYkV, Q). (Note: the object class of vN is an SP-generating 
class of semiprime rings: the maximum ring of quotients of a semiprime ring is von 
Neumann regular; see [l 1, Proposition 1, p. 421.) 
Proposition 8.2. In Nn, suppose that A 5, B is a 7c-roq-extension. Then, A is von 
Neumann regular if and only if B is, and then A = B. Thus, ly A is von Neumann 
regular, it has no n-roq-extensions. 
Proof. Since A is von Neumann regular if and only if every prime ideal is maximal, 
and every rc-roq-extension is a z-essential-extension, it follows from Theorem 6.3(b) 
that A is von Neumann regular if and only if B is. 
We assume now that B is von Neumann regular; recall that CC is epic, by 
Proposition 4.3. Suppose that b E B. For each maximal ideal M of B, the diagram 
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(~11) below is a pushout, while B/M is a ring of quotients of A/MC: 
A LB 
(X11) v.un.4 
I I 
YY 
A/MC A BfM 
* 
Since fields are involved, G is, in fact, an isomorphism. Thus, B = A + M. We may 
therefore write b = aM + xM, with aM E A and XM E M. Since B is von Neumann, there 
is a unique idempotent eM so that BeM = BXM. 
Now, the contraction, being a lattice isomorphism between Nn-ker(B) and Nn- 
ker(A), induces a bijection between the finitely generated Nn-kernels. However, in 
a von Neumann regular ring every ideal is an intersection of maximal ideals, and ev- 
ery finitely generated ideal is principal (see [2, Exercise 27, p. 351). Consequently, 
BeM fl A is principal; thus, there is an idempotent f E A such that BeM Cl A = Af. It is 
not difficult to see that f = eM EA. 
Evidently, beM EM, and on the other hand, b( 1 - e(M)) = a(M)( 1 - e(M)) E A. 
The point of all this is that we may write b = aM + xM, with aM E A, xM EM, and 
aMxM = 0. The Sets v(eM) = {NE Max(B): eM EN} fOrIn XI Open Cover Of Max(B) 
(regarded under the hull-kernel topology), which then has a finite subcover. Let us 
rewrite ei for eMi, where Ml, . . . , Mk are the maximal ideals used in the subcover. Note 
that (1 -ei)V. . . V (1 - ek) = 1 (where the supremum is formed in the boolean algebra 
of idempotents). This implies that etez . . . ek = 0. To conclude, a straightforward, albeit 
tedious, calculation shows that b is the sum of components of the aMi, and therefore 
that b EA, proving that A=B. 
From all that has been said, the final statements of the proposition should be 
obvious. Cl 
We are able to describe ~(A’&+‘-, Q) in several ways. First, a few notational items. 
Let 99&P%@ denote the class of all fields, and recall that frx(Q) denotes the class of 
all semiprime complete rings of quotients. 
Proposition 8.3. In Nn, 
Alternatively, for a semiprime ring A, the following are equivalent: 
(a) A has no proper n-roq-extensions; 
(b) A has no proper (&Y’“/Y)-n-extensions, where 9’ stands for either 92%?2’C9, 
fix(Q) or obj(vN). 
Let us turn now to a general discussion of n-extensions in Nn. 
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Recall that a field K is said to be perfect if it has characteristic 0, or else K has prime 
characteristic p and the “Frobenius” map x +xP is an isomorphism. (It is automatic in 
characteristic p that this map is an injective homomorphism; to say that K is perfect 
then, is to say that each a E K is a pth root.) 
In [ 171 the author constructs a functor T-03, which, although it is not described in 
these terms, is a monoreflection of Nn in the full subcategory of all von Neumann rings 
for which every residue field is perfect; let us denote it by pvN. These are precisely the 
semiprime rings which admit no proper Nn-epic extensions [12, Proposition 51. From 
general categorical considerations it is then clear that TWm is the largest epireflection, 
and, therefore, the largest monoreflection on Nn, while pvN is the least epireflective 
subcategory of Nn. 
For the sake of completeness, we shall presently give a proof that a field admits 
no proper Nn-epic extension if and only if it is perfect (Proposition 8.5). On the one 
hand, as TPm exhibits directly, and as shown in [7], the largest monoreflection exists. 
The comment just alluded to about fields leads to an independent proof of the existence 
of the maximum monoreflection, independent of the arguments of [7]. The results also 
give additional insight into the nature of rc-extensions in Nn. 
We will show explicitly that Nn is rc-cowellpowered. (The referee of this paper 
actually pointed out that Nn is cowellpowered and supplied a proof. We choose to 
omit it.) 
We begin by considering Nn-epimorphic extensions between fields. Recall first that, 
if E 5 F, both being fields, F is purely inseparable over E if E has prime characteristic 
p and, for each t E F there is a positive integer n such that tpn E E. (It is then well 
known that t is the only root of its minimum polynomial.) Recall as well that t E F is 
separable over E if its minimum polynomial over F has distinct roots. Note that F is 
purely inseparable over E if and only if each separable element of F is, in fact, in E 
(see [lo, Theorem 461). 
Lemma 8.4. Suppose that E <,F, and that E and F are fields. Then a is epic in Nn 
if and only if F is algebraic and purely inseparable over E. 
Proof. Suppose first that F is purely inseparable over E. Suppose that A is a semiprime 
ring and ~$1, ~$2 : F + A are homomorphisms which agree on E. Let p be the charac- 
teristic of E, t E F, and suppose that t P” E E. Then &(tJ’“) = &(tP”), which implies 
that cjqt =&t, and so 41 =&, proving that E&F is epic. 
Now suppose that a is an epic extension. Let us deal with the case that F is algebraic 
over E. Suppose that L is the algebraic closure of F. If t E F \ E is separable over E, 
then the minimum polynomial q(T) of t over E has distinct roots; let s be a root of 
q(T) (in L), distinct from t. Then there is an automorphism of the splitting field of t, 
which takes t to s, and is the identity on E. Restrict this map 8 to F, viewing it as an 
embedding of F into L. If 0, denotes the identical embedding of F into L, it is clear 
that 8 and 8, are distinct, but both induce the identity on E. This is absurd, showing 
that F is purely inseparable over E. 
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To show, in the general case, that F must be algebraic over E, proceed as follows: 
if F is not algebraic, let X be a transcendence basis of F over E, and factor u = 
CQ . CI,, where a, : E -+ E(X) is the purely transcendental extension, and CI, : E(X) + F 
is algebraic over E(X). Note that cla, being the second factor of an epimorphism, is also 
epic. By an argument similar to the one in the preceding paragraph, any automorphism 
of E(X) can be lifted at least two ways to F, unless F is purely inseparable over E(X). 
But the identity on E can be lifted to an automorphism of E(X) in more than one 
way (if 1x1 2 2, permute any two basis members and extend to an automorphism; if 
1x1 = 1, send the lone transcendental element x to -x, and extend). This contradiction 
implies that F is algebraic over E. 0 
Lemma 8.4 has the following consequence. 
Proposition 8.5. Suppose that E is a field. Then E has no proper Nn-epic extensions 
tf and only tf E is perfect. In particular, tf E is algebraically closed it has no proper 
Nn-epic extensions. 
Proof (Necessity). By Lemma 8.4, E is perfect if it has no proper Nn-epic extensions. 
Conversely, suppose that E is perfect and CI : E + A is an Nn-epic extension, Let 
P be a prime ideal of A and vp denote the canonical map A -A/P. The composite 
vp . c( is an Nn-epic extension, making the quotient field q(A/P) an Nn-epic extension 
of E. By Lemma 8.4, the embedding of E in q(A/P) is surjective, proving (i) that P 
is maximal, and (ii) ME + P = A. (This means, in particular, that A is von Neumann 
regular.) In addition, since A/P =A/Q = E, for any two prime ideals, and since CY is 
Nn-epic, A has only one prime ideal, and is therefore a field. Applying Lemma 8.4 
again, we get that CI is surjective. 
The final assertion is obvious. 0 
Now, the following characterization establishes, upon closer analysis, that Nn is 
x-cowellpowered, and that the class of epic rc-extensions is preserved by direct limits. 
Theorem 8.6. Suppose that c( : A -+ B is an Nn-extension. Zf LX is an epic z-extension, 
then for every homomorphism 8 of A into any algebraically closedjeld @, there is a 
homomorphism 8’: B -+ @ so that 8’ . CI = 8. Conversely, tf this condition is satisjed, 
then c1 is a n-extension. 
Proof. Suppose that M: is an epic n-extension, and that 6’ is a homomorphism into the 
algebraically closed field @. Forming the pushout of CI and 8, and using Proposition 8.5, 
we are done. 
Now, suppose that LY has the stated property relative to algebraically closed fields. 
We proceed to establish the pushout-invariance of LY in two stages, beginning with maps 
into integral domains. Suppose therefore that 6’: A + C is a homomorphism, where C 
is an integral domain; let 0’ denote the composite of l3 with the embedding of C in 
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the algebraic closure kC of its field of fractions. Form the pushout (7112) of M. and 8: 
A”B 
(7r12) B 
I 
By assumption there is a homomorphism 81 : B + kC such that 81 . M = Q*. This im- 
plies that there exists a homomorphism 6 : D +kC so that (6.p=& and) 6.~4 is the 
embedding of C in kc, whence CI’ is manic. 
Next, suppose that 8 represents a homomorphism into an arbitrary semiprime ring 
C; we refer once more to the pushout (7112). If a’ is not manic, there is a nonzero 
element c E C such that a’(c) = 0, but also a prime ideal P that fails to contain c. Let 
vp : C + C/P stand for the canonical map. Now form the pushout (7~12’) of a’ and VP: 
(7112’) B 
I ,I 
v’ 
C/P a,, 
D’ 
Observe that the juxtaposition of (rc12) and (7~12’) gives a pushout for the maps CI and 
vp . 8. Thus, by the previous paragraph, CI” is manic. This amounts to a contradiction, 
as v’(a’(c)) =O, whereas a”(vp(c))#O. It then follows that ~4 is manic, and we have 
shown that c1 is a rc-extension. 0 
We have the following immediate corollary. 
Corollary 8.6.1. Any integral extension in Nn is a rc-extension. 
Proof. The mapping extension property of Theorem 8.6 is a well-known consequence 
of the so-called “Going Up” Theorem for integral extensions (see [2], ex. 2, p. 67). 0 
We have reached the goal of this development. Let ,Xd” denote the class of epic 
rc-extensions. 
Corollary 8.6.2. In Nn, the class ~2’8” is cosmall and is preserved by direct limits. 
Thus, Nn has a largest monorejection p; for each semiprime ring A, A < pA is the 
largest epic n-extension of A. 
Proof. The point is to carefully examine the proof of Theorem 8.6. Let Spec(A) denote 
the set of prime ideals of A, and Q(P) the algebraic closure of the field of quotients 
of A/P. ap : A + Q(P) stands for the canonical homomorphism into Q(P). Finally, let 
A” denote the product of all the G(P); we emphasize that all prime ideals and all 
algebraic closures of residue rings A/P are used. 
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Suppose that A &B is an epic x-extension. For each prime ideal P of A, there is 
a unique extension of op to B; denote this extension by C$ : B -+ Q(P), and let P’ be 
its kernel. (Note: we do not employ the extension notation of Section 5, so as not 
to prejudice the issue. Whether P’ is Pe or not, is irrelevant.) It should be clear that 
P = (P* >“. Now suppose that Q E S’ec(B), and consider the canonical homomorphism 
CJ : B -+ Cp, where @ is the algebraic closure of the field of quotients of B/Q; let 6 = cs . cc 
Then 8 = up, for a suitable prime ideal P of A. Note that p = P. Pushout considerations 
then imply that there exists an embedding 6 : Q(P) + CD such that 6. r$ = 6, which 
proves that P* C Q. It now follows that the intersection of the prime ideals P*, (for 
all P E Spec(A)) is trivial. 
This means that the extension r : B + A” of the canonical embedding rY : A -+ A” 
is injective, which proves that &!B” is small. 
Since property (M) holds in Nn for direct limits, the conditions of Theorem 2.1 are 
satisfied, whence the conclusion of this corollary follows. 0 
Let us state the “bottom line” consequence of Theorem 8.6, even though it is scarcely 
news anymore. 
Corollary 8.6.3. T- DC) is the largest monorejlection on Nn, whence pvN is the least 
monorejective subcategory of Nn. 
Let us close the section with a remark. 
Remark 8.7. Although it is obvious that T < T-OO (because there exist fields which 
aren’t perfect), is ~(89, T) = p(&‘Y, T-“)? The latter is the largest essential monore- 
flection on Nn. In [14] an essential monoreflection is constructed, for which the reflec- 
tion maps are not always rings of quotients. Thus, the answer to this question is no. 
One additional comment: referring back to Example 5.2.1, one can easily show that 
the class of epic flat extensions is closed under formation of pushouts and preserved 
by direct limits. As it is small, one gets the epic flat completion cl(F). As discussed 
in Example 5.2.1, p(&Y, TWW) = p(+&‘LoJIT, cl(F)). 
Here are the distinct monoreflections of Nn so far; 1 stands for the identity functor, 
p for the largest monoreflection: 
z <p(dY, T) = p(.HOM, Q) < T, ,u(89, T-m) < T-=’ = p. 
(Note: from [5], ~(.&‘COJV, 4) = 1.) 
9. Applications to categories of f-rings 
Turning to categories of f-rings, new subtleties arise, although the reader will also 
appreciate the many similarities with the abstract ring theoretic situation. The 
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discussion in this section will doubtless have considerable overlap with work in progress 
of Madden and Schwartz on the theme of monoreflections on Nn; these authors are 
aware of some of the results of the aforenamed, and where we know of duplication it 
will be pointed out. 
The contrasting panorama of “known” monoreflections in f_Nn is 
1 <p(AoJ, Q) = p(&Y, Tf ) < Tf, pO < Rc . Tf = p. 
In the course of this section we will discuss the entries in the preceding list. 
To recall notation, f-Rng denotes the category of all commutative f-rings with 1, 
and all lattice-homomorphisms which preserve the identity. f-Nn stands for the sub- 
category of all semiprime f-rings. 
We begin with a lemma, the proof of which can (with a little work and patience) 
be discovered in [19], Recall that if E and F are (totally) ordered fields, and F is an 
algebraic extension of E, so that no algebraic extension of F can be totally ordered, 
then F is called the real closure of E. An ordered field is real closed if it admits no 
proper algebraic extensions which can be totally ordered. We refer the reader to the 
classical literature on this subject; in particular one should recall that every ordered 
field has a unique real closure. If E is an ordered field, we denote its real closure by 
Rc(E). (We shall presently refer to [ 181, where the notion of real closure of a ring is 
introduced, in terms of the real spectrum of a ring; one can construct a multitude of 
real closures, in fact, depending upon which subsets of this spectrum are employed. 
We shall return to this feature of the construction soon.) 
Now, in [19] the notion of a real closed ring in f_Nn is used to produce a family of 
maximal epimorphic extensions of a semiprime f-ring. We shall not need the general 
construction here. What we draw from [19], for now, is simply this: 
Lemma 9.1. Suppose E is an ordered field, A is an f-Nn-object and E &A is given. 
Then c1 is an f-Nn-epic extension if and only if A 5 Rc(E). 
To show existence of the largest monoreflection of f-Nn, one can either follow [7], 
treating f_Nn as an SP-generating class of algebras, or else imitate the arguments in 
the preceding section for Nn. First, we have the following analogue of Theorem 8.6; 
the proof is carried over to f-Nn, mutatis mutandis. 
Theorem 9.2. Suppose that A &B is an f-Nn-extension. If c1 is an epic x-extension, 
then, for any e-ring-homomorphism 8 : A + R into a real closed field R, there is an 
8-ring-homomorphism 8* : B --+ R so that 8* . a = 8. Conversely, if u is extendible over 
all real closed fields, it is a n-extension. 
The analogue of Corollary 8.6.2 also follows, modulo the obvious modifications in 
the language. We leave the details to the reader. Once again, we let +&‘b” denote the 
class of epic n-extensions. 
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Corollary 9.2.1. In f-Nn, db’ is cosmall and preserved by direct limits. Thus, there 
is a largest monorejection, denoted u. For each semiprime f-ring A, A 5 uA is the 
largest epic n-extension of A. 
Now let us turn to essential monoreflections. In this context we can improve slightly 
on Proposition 8.2. 
Recall that a commutative ring is B&out if every finitely generated ideal is principal. 
For f-rings which satisfy the bounded inversion property (meaning that each x > 1 is 
invertible), it is shown in [ 151 that A is Bezout if and only if every ideal is convex, 
and also if and only if each maximal ideal M of A contains a unique minimal prime 
ideal O(M) and A/O(M) is a valuation ring. 
It is also well known (see [S]) that an f-ring satisfies the bounded inversion property 
precisely when all the maximal ideals are convex. Now, while it is not clear whether 
a rc-roq-extension of an f-ring, in which the bounded inversion property holds, also 
satisfies that property, that inconvenience can be circumvented. 
First, a lemma, the proof of which is not difficult. We leave it to the reader. Employ- 
ing the notion of bounded fraction introduced in Example 7.3, one shows that every 
bounded fraction actually belongs to the domain. 
Lemma 9.3. In f-Nn, suppose that A is a valuation domain with the bounded inversion 
property. Then u(,&“CnJV”, Q)A = A; that is, A has no proper z-roq-extensions. 
Recall that if A is any commutative ring, then qA denotes the total or classical ring 
of quotients. Max(A) stands for the space of maximal ideals of A, endowed with the 
hull-kernel topology. Max(A) is a compact (though not necessarily Hausdorfl’) space. 
If A stands for an f-ring with the bounded inversion property, then it is well known 
that Max (A) is Hausdorff; see [8]. 
Proposition 9.4. In f-Nn, suppose that A <B is a z-roq-extension. Zf both satisfy the 
bounded inversion property, then one of them is B&out tf and only tf the other one is. 
In particular, $A is a B&out f-ring with bounded inversion, then u(Jt!O,$‘, Q)A = A. 
Proof. With the stated assumptions, it should be clear, from Theorem 6.3, that A has 
the property that each maximal ideal contains a unique minimal prime ideal if and only 
if B does. The first assertion is, therefore, clear. 
Now suppose that A 5 B is a n-roq-extension. Embed B in B-1 = { b/d E qB : d 2 1 }; 
as explained in [5], (.)_I defines a roq-mnctor. Note that B-1 satisfies the bounded 
inversion. Since B 5 B-1 is a n-roq-extension, and the class of rc-roq-extensions is 
closed under composition, it follows that A < B-1 is a n-roq-extension. Thus, in dealing 
with the second assertion of this proposition we may, without loss of generality, suppose 
that both rings satisfy the bounded inversion property. 
Suppose that A <B is a rc-roq-extension and both are Btzout rings. Now, if P is 
a minimal prime ideal of B, then A/PC is a valuation domain, of which BfP is a 
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rc-roq-extension. This implies that B/P = A/PC, and so B = A + P. So, if 0 <b E B and 
A4 is a maximal ideal of B, then b = a~ +x M, with a~ E A and XM E O(M). (O(M) is 
the minimal prime ideal contained in M; it can be shown that x E O(M) if and only 
if xy = 0, for some y $ M.) 
We may pick ye > 0, not in M, so that (b - a~)y~ = 0. Now, contract the f_Nn- 
kernel of B generated by yhf to A; call this contraction KM, Since A is Bezout, there 
exists a ZM > 0 in A, so that KM is the f-Nn-kernel of A generated by it. Then ZM 6 M, 
and z&b - UM) = 0. 
Now, the sets m(i?~) = {NE Max(B) : z(M) $! N } form an open cover of Max(B). 
Then there exist maximal ideals Mi , . . , h!&, so that the m(zMl )( 1 I i I: k) cover Max(B). 
This means that z, the sum of the ZM~, is invertible. Finally, bz = a~, ZMi +. . + c&p,,,&, 
and so b = (aM1z~, $ . . + aM,zM,)z-‘, which lies in A. 0 
We found no construction in the literature of a ftmctor analogous to T, as introduced 
in the previous section, in f_Nn. However, in a recent letter to the authors, Schwartz 
gives an explicit construction of the reflection, using the real spectrum of a ring. We 
shall instead appeal to category theory to show that there is an epireflection of f_Rng 
in f_vN, the full subcategory of all von Neumann f-rings. The categorical argument 
is of some value, it seems, as it is adaptable to other categories, as will come out in 
an upcoming article on Arf. We give an outline of the categorical arguments, referring 
the reader to [9] for the details. 
In a category A, the extension A Ic( B is said to be extremal (and we also say that a 
is an extremal subobject) if, for each factorization a = ~(2 . ~11, with c11 epic, it follows 
that al is an isomorphism. Now, in any category whose objects form a variety of 
algebras, a full subcategory B is an epireflective subcategory if and only if it is closed 
under products and forming extremal subobjects; (on the latter point we mean this: if 
A 5 B is an extremal subobject, and B is a B-object, then so is A.) This result is part 
of a much more powerful theorem (34.2 in [9]); to apply it to varieties, the reader 
ought to have a look at Section 32 in that book as well. 
In Rng we already have (via the epireflection T) that vN is closed under extremal 
subobjects. It is well known, that the product of von Neumann regular rings is von 
Neumann regular, and it is routine to verify this. 
We should point out that determining the extremal subobjects in a given category 
can be difficult. So now, whatever the extremal subobjects are in f_Rng, we have the 
following lemma. 
Lemma 9.5. The subcategory f-vN is closed under formation of extremal subobjects. 
Proof. Suppose that A <B is an extremal extension in f-Rng, and that B is 
von Neumann regular. We proceed to show that if B’ is a subring of B, which is 
von Neumann regular, and two homomorphisms out of B’ agree on A, then they agree 
on every idempotent e for which B’e = B’x, for some x E A. This implies that, if A’ is 
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the /-subring generated by A and 
{eEB’:e=e2, B’e=B’x}U{yEB’:ye=y, e=yq e=e2}, 
the extension A 5 A’ is epic. In turn, this means that A =A’, whence it is easy to see 
that A is von Neumann regular. 
Suppose that 4i : B’ -+ C(i = 1,2) are two homomorphisms into a ring C which agree 
on A. If e is an idempotent such that B’e = B’x, for some x E A, then 4i(.x) and 4i(e) 
(i = 1,2) generate the same ideal in C. Since +1(x) = 42(x) and both &(e) and &(e) 
are idempotents, it follows that they are the same idempotent. 0 
As it is clear that f-vN is closed under products, we have: 
Proposition 9.6. f-vN is an epirejlective subcategory of f-Rng. 
Thus, there is an epireflection Tf : f-Rng -+ f -vN. Since every semiprime f-ring can 
be embedded in a f-vN-object (namely, its maximum ring of quotients), Proposition 9.6 
yields the following corollary; we leave the verification of the last line to the reader. 
Corollary 9.6.1. The restriction of Tf to f-Nn is a monorejlection i f-vN. Moreover, 
cl(Su, Tf) = P(~OJ’-, Q>. 
The reader should reflect that Tf is not the largest monoreflection on f-Nn: the 
embedding of an ordered field E in its real closure is, by Theorem 9.2, an epic z- 
extension. Thus, while TfE = E, the maximum monoreflection p on f-Nn properly 
extends E. 
Using Tf and the constructions in [18,19] one can get a handle on p. Suppose that 
A is a von Neumann regular f-ring. Then the maximal epimorphic extensions of A, as 
described in [19], all agree, because every prime ideal of A is maximal. In addition, the 
largest epimorphic extension Rc(A) of A coincides with the real closure, as described 
in [18, Chapter I]. In particular, A has no proper epimorphic extensions in f-Nn if and 
only if it is real closed. 
Letting rcvN denote the full subcategory of all von Neumann regular, real closed 
f-rings, we obtain: 
Proposition 9.7. ,u = Rc . Tf, and rcvN is the least monoreflective subcategory 
of f-Nn. 
Example 9.8. An essential monoreflection of f-Nn which is not an roq-mnctor. We 
indicate why ,u(&O_M, Q) is not the largest essential monoreflection. Following the 
construction of real closures in [ 181, one has, for each semiprime f-ring A, the so- 
called “o-real-closure” pJ of A; this is the real closure constructed over the subset of 
points of the real spectrum which correspond to cones that extend the cone of positive 
elements of A. 
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From the discussion in Chapter I of [ 181, it emerges that A 5 p,A is an essential 
extension. However, in general pJ is not a ring of quotients of A; for instance, p,Q 
is the field of real algebraic numbers. 
In closing, we review the known distinct monoreflections in f-Nn: 
z < ~(cACU’-, Q) = p(89’, Tf ) < Tf, p. < Rc . Tf = p. 
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